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Optimal Design of Uncertain Systems Under Stochastic Excitation
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The structural synthesis problem of uncertain linear systems subjected to uncertain loads is considered. Un-
certain system parameters are modeled as random variables with a prescribed joint probability density function,
whereas the loads are modeled as stochastic processes. Second-order probabilistic descriptors are combined with
approximate extreme response theories to obtain reliability estimates for the systems. A multicriterion optimal
design methodology, based on a preference aggregation rule, is used in this formulation. Optimization is carried
out by generating and solving a sequence of explicit approximateproblems. The uncertainty in system parameters
is taken explicitly in the analysis, and its effect is investigated on the optimal design. It is shown that uncertainties
are important because they can change the system reliability signi� cantly. Therefore, in these cases, the effect of
uncertainty in the model parameters must be considered explicitly during the design process. An example problem
is presented to illustrate the performance of the proposed methodology.

Nomenclature
{b} = vector of system parameters
[C] = damping matrix
Et (¢ ) = expectation operation in time domain
{ f } = vector of performance parameters
g(¢ ) = probability density function
g j (¢ ) = response quantity
[K ] = stiffness matrix
[M ] = mass matrix
n(¢ ) = stationary Gaussian white noise process
{PR} = vector of structural reliabilities
{p} = compatibility vector
Q i j (¢ ) = modal cross covariances
{q(¢ )} = state-space vector
R(¢ ) = generic design criterion
r (¢ ) = response quantity
Si = modal energy
S0 = power spectral density value
Ti = modal energy
t = time variable
Ui = modal energy
{u(¢ )}, { Çu(¢ )}, = vectors of dynamic displacement, velocity,
{ü(¢ )} = and acceleration, respectively
w (¢ ) = importance sampling density
{x} = vector of intermediate variables
{y} = vector of design variables
g i (¢ ) = modal participationcoef� cient
g j = threshold level
k i = eigenvalue
l (¢ ) = preference function
m + (¢ ) = expected rate of up crossing a threshold level
r 2

g j
, r 2

Çg j
= second-orderstatistics

U (¢ ) = Gaussian distribution function
{u }i = right eigenvector
{u }pi = position part of the right eigenvector
{v }i = left eigenvector
{v }pi = position part of the left eigenvector
» = approximate quantity
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Introduction

T RADITIONALLY, all design data in structural optimization
problems are treated in a deterministic manner. The problem

with this approach is that in many cases deterministic optimiza-
tion gives designs with higher failure probability than unoptimized
structures. Therefore, because uncertainties are always present in
the design of engineeringstructures, it is necessary to consider their
effect on the optimizationprocess to achieve a balancebetween cost
and safety for the optimal design.1 ¡ 3 It is clear that, when a structure
is being designed, the environmental loads that the built structure
will experience in its lifetime are highly uncertain. The uncertain
load time history needed in the dynamic analysisof a structure sub-
jected to environmentalloads such as earthquake,wind, water wave
excitation, and aerodynamic turbulence is an uncertain value func-
tion, and it is bestmodeledby a stochasticprocess.4,5 If the structural
parameters are known precisely, then the system response and sys-
tem reliability can be calculatedusing well-known techniques from
random vibration theory. In the more realistic case, the values of
the structural parameters are uncertain. These uncertainties,which
result from the numerous assumptions made when modeling the
geometry, the boundaryconditions,constitutivebehaviorof the ma-
terials involved,etc., can have a signi� cant effect on the behaviorof
the structure. Probabilisticmethods provide the means for incorpo-
rating system uncertainties in the analysis by describing the uncer-
tainties as random variableswith a prescribed joint probabilityden-
sity function.System responsesand system reliabilitiesthat account
for the uncertainties in the system parameters are given by the total
probability theorem as particular integrals over all of the uncertain
parameters. Exact analytical solutions for these multidimensional
integrals can only be found for a very limited number of simple
systems. For more realistic systems, Monte Carlo simulation6 or
important sampling techniques7 can be used to provide accurate re-
sults for evaluatingunconditionalsystem responses.Other methods
thathavebeendevelopedto providecomputationaltools for approxi-
mating the structuralresponsesand reliabilitiesof uncertainsystems
subjected to stochastic loads are � rst-order reliabilitymethods8 and
second-orderreliabilitymethods.9 These methods have been tested
for a varietyof structuralproblems,includingsimple linear and non-
linear systemsand primary–secondarysystems.10,11 Recently,a new
techniquebasedon Laplace’s method for asymptotic approximation
of integralshas beendevelopedfor evaluatingthe type of probability
integralsencounteredin the reliabilityanalysisof uncertainsystems
subjected to stochastic excitation.12

In practical optimizationproblems, usuallymore than one objec-
tive is required to be optimized. This makes it necessary to formu-
late the design problem as a multi-objective optimization problem
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and look for a set of compromise solutions. Generally, the ap-
proach in multi-objective optimization is to transform the original
problem into a scalar problem, which contains the in� uence of all
objectives.13,14 In the present paper, the objective functions, con-
strained system responses, and constraints directly imposed on the
design variables are treated as design criteria characterized by a
range of values and a preference function that describes the pref-
erence of using a particular value within the range.15 ¡ 17 Values of
preference functions lie in the unit interval [0, 1], and they quantify
the preference of the user for the various values of the design cri-
teria. A larger preference value for one parameter value compared
with another implies that the user prefers the � rst parameter value
more than the other value. By treating the design criteria in this
way, the degree to which they are satis� ed can be traded off against
otherdesigncriteriaduring the optimizationprocess. In this way, the
problemis placed into a more � exibleand natural framework,where
the knowledge of the desired characteristics of the optimal design
can be exploited.Once the preference functions for each design cri-
terion have been de� ned, an overall design evaluation measure is
obtained by a preference aggregation rule.18 This measure is then
used as the objective function of the optimization process. Optimal
solutions provided by this approach belong to the multi-objective
Pareto optimal set.16

In general, evaluating design criteria preference functions re-
quires the evaluation of system responses that are nonlinear im-
plicit functions of the actual design variables and uncertain system
parameters, and they are available only in a numerical sense (for
example, using a � nite element method). Thus, to use this approach
in structural design problems, numerically ef� cient algorithms are
required to evaluate system responses. One of the objectives in
this work is to extend the approximation concepts method19,20 to
the case in which the system is subjected to stochastic loads and
some system parameters are uncertain. In this approach, the solu-
tion of the original implicit optimization problem is replaced by
the solution of a sequence of explicit approximateproblems. These
approximate problems are generated by constructing high-quality
approximations for system responses. Intermediate response quan-
tities and intermediate variables are used to enhance the quality of
the approximations. The formulation to be presented represents a
generalizationof the methodologyproposedin Ref. 21 to the case of
multi-objectiveoptimization.The paper presents a generalmethod-
ology for computer-aided multicriteria optimal design that allows
all of the different design criteria to be traded off while accounting
for modeling and loading uncertainties.

First, the structural optimization problem with reliability con-
straints is formulated for the case of known system parameters.
Reliability constraints are evaluated and written in terms of the so-
lution of a general linear structural system for a class of stochastic
excitation. Next, a � rst-order optimization technique is introduced
to solve the optimization problem resulting from the proposed for-
mulation. Approximation concepts are used for an ef� cient imple-
mentation of the methodology. Finally, the method is extended to
consider the case of unknown system parameters and their effect on
the optimization process.

Formulation
The design decision making process is an iterative procedure

where a preliminary design is cycled through different stages to
achievea designthat is optimumin some chosensense.The formula-
tion startswith a preliminarydescriptionof thedesignproblem.This
includes the physical con� guration, all possible loading cases that
the structure might experience during its lifetime, the design vari-
ables, and the design criteria. Let the vectors {y} (yi , i =1, . . . , N )
and {b} (bi , i =1, . . . , L ) represent the vector of design variables
and system parameters, respectively. The design variables are the
parameters of the design that are selected to be varied during the
optimization process, whereas the system parameters are quanti-
ties that may have associated uncertainties. The case of � xed and
known system parameters {b} is � rst considered. The general case
of uncertain system parameters will be considered later. The perfor-
mance parameters represent quantities related to the performance
of the design. They can take the form of conventional structural

parameters such as stresses, displacements,material cost, etc., { f }
( fi , i = 1, . . . , K ), orotherparameterssuchas structuralreliabilities
{PR} (PR j , j =1, . . . , M ). Obviously, these performance parame-
ters are functions of the current vector of design variables {y} and
the � xed vector of system parameters {b}. The functional require-
mentsor performancespeci� cationsfor the performanceparameters
constitute the design criteria during the design process.

In this formulation, a multicriterion optimal design methodol-
ogy based on preference aggregation rules is used to transform the
multicriteria optimization problem to a single objective problem. A
proposed design is � rst evaluated on the basis of each design cri-
terion, and then this information is aggregated into a single design
evaluation measure. Each design criterion is evaluated by a prefer-
ence function,which quanti� es thepreferenceof thedesignerfor the
various values of the design criterion involved in the problem. The
overall single design evaluation measure is computed using a pref-
erence aggregation rule, which is a functional relationship between
a single design evaluation measure and the individual preference
values for all of the design criteria. This single measure lies in the
unit interval, and the optimal design is the one that maximizes such
a measure. In this paper, a preferenceaggregation rule based on the
method of the minimum operator16,18 is used to transform the mul-
ticriteria optimization problem to a single objective problem. The
overall design evaluation measure is de� ned as

l ({y}) = min l fi ({y}) i 2 If , l PR j
({y}) j 2 Ip ,

l yk ({y}) k 2 Iy (1)

where l ({y}) is the overalldesign evaluationmeasure for the design
{y}, If ={1, . . . , K }, Ip ={1, . . . , M}, Iy ={1, . . . , N}, l fi ({y}),
i 2 If , are the preference functions of conventional performance
parameters for the design {y}, l PR j

({y}), j 2 Ip , are the prefer-
ence functions of reliability performanceparameters for the design
{y}, and l yk ({y}), k 2 Iy , are the preference functions for the de-
sign variables.

The maximum degree of overall satisfaction can be achieved by
maximizing the overalldesignevaluationmeasure l . Then the prob-
lem becomes

max min l fi ({y}) i 2 If , l PR j
({y}) j 2 Ip, l yk ({y}) k 2 Iy

(2)

From this formulation, it is clear that any constraints imposed
directly on the design variables are treated as additional design cri-
teria. Note that an alternative interpretationof problem (2) is in the
context of fuzzy optimization. In that case, the preferencefunctions
are viewed as membership functions for the fuzzy sets of accept-
able performances of the design criteria. The choice of the shape
of these preference functions for the design criteria can have an
impact on the overall design process. In practice, piecewise linear
preferencefunctionsare commonly used becauseof their simplicity
and expediency. In particular, trapezoidal preference functions are
generallyused for constrainedsystem responses and for constraints
directly imposed on the design variables. Note, however, that other
shapes for preferencefunctionssuch as concaveand convexcan also
be used in this formulation. These nonlinear shapes offer potential
bene� ts in terms of realism, and they can be chosen consistentwith
varying perception of the decision maker or designer. Noted also
that the de� nition of the overall design evaluation measure given
in Eq. (1) can be easily modi� ed to consider different degrees of
importance for the design criteria. In that case, importance weights
can be assigned to each of the design criterion.15,16

Reliability Computations
In this study, attention is directed toward problems in which the

stochastic excitation is a stationary Gaussian white noise process
with zero mean. A white noise process is a process whose power
spectral density function is constant over the whole spectrum. Be-
cause of its mathematical simplicity, it is often used as an ap-
proximation to a great number of physical phenomena. It is well
known, from classical random vibration theory, that displacement
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and velocity responses of a linear system subjected to a Gaussian
excitation are Gaussian processes. Therefore, any response quan-
tity g j (t , {y}) that is linearly dependent on the displacement and
velocity is also a Gaussian process. In reliability-based structural
optimization requirements are speci� ed for the reliability of the
structural components and/or the total system. In this formulation,
the constraints are related to single failure modes, where failure is
assumed to occurwhen the responseg j (t , {y}) reachessome critical
level g j for the � rst time in the stationary portion of the response.
The probability that g j (t, {y}) has not reached the level g j prior to
time t can be obtainedusingavailableresults from randomvibration
theory. These results are based on the expected rate of up crossing
and down crossing through levels g j and ¡ g j , respectively.The ex-
pected rate of up crossinga given level g j , m + ({y}), is given in terms
of the steady-state second-order statistics r 2

g j
= Et[g2

j (t , {y})] and
r 2

Çg j
= Et[ Çg2

j (t, {y})] as5

m + ({y}) = r Çg j 2p r g j exp ¡ g 2
j 2r 2

g j
(3)

where Et (¢ ) is the mathematical expectation with respect to uncer-
taintyin the time domain and r g j and r Çg j are theconditionalstandard
deviation of the response g j (t, {y}) and its time derivative, respec-
tively. The reliability function for the design {y}, PR j ({y}), is the
probability that g j (t , {y}) has not reached the value g j throughout
the interval [0, t]. For a high-threshold level g j , it can be assumed
that the events of crossing such a level occur independentlyaccord-
ing to a Poisson process with mean rate m + ({y}), in which case the
reliability function PR j ({y}) can be approximated by4

PR j ({y}) = prob max[0,t] g j (t , {y}) · g j

¼ exp( ¡ 2 m + ({y})t ), j = 1, . . . , M (4)

where prob[¢ ] is the probability that the expression in parenthesis is
true and PR j ({y}) =1 at t =0 for any g j > 0 and any design {y}.

Response Statistics
The steady-state second-order statistics r g j and r Çg j of the re-

sponse functions g j (¢ ), j = 1, . . . , M , are now written in terms of
the solution of a general underdamped linear system. The solution
of the system is obtained by modal analysis. The modal response
is then used to derive the second-order statistics of the vector of
state-space variables, which are then used to compute the system
response statistics r g j and r Çg j .

Modal Approach
The equation of motion of an n-degree-of-freedomlinear struc-

tural system subjected to external forces can be cast in the form

[M]{ü(t )} + [C]{ Çu(t)} + [K ]{u(t)} = {p}n(t ) (5)

where {u(t )} is the displacement response vector of dimension n;
[M ], [C], and [K ] are the mass, damping, and stiffness matrices of
dimension n £ n; {p} is a vector of dimensionn relating the force to
the degreesof freedomof the system; and n(t ) is stationaryGaussian
white noise with zero mean and constant power spectral density S0.
In general, the matrices [M], [C], and [K ] depend on the vector of
design variables{y}and � xed system parameters{b}. Therefore, the
displacementresponsevector{u(t )}is also a functionof {y}and{b}.

To considerthe generalcase of nonclassicallydamped structures,
the equation of motion (5) is recast into the 2n state-space form

[M ¤ ]{ Çq(t )} + [K ¤ ]{q(t)} = {p(t )}¤ (6)

where

{q(t)} =
{ Çu(t )}

{u(t )}
(7)

is the vector of state-space variables and

[M ¤ ] =
[0] [M]
[M] [C]

, [K ¤ ] =
¡ [M] [0]
[0] [K ]

{p(t )}¤ =
{0}

{p}n(t)
(8)

The solution of Eq. (6) is carried out by standard modal analysis.
In this approach, the solution is representedas a linear combination
of complex mode shapes of the form

{q(t )} =
2n

i = 1

{u }i g i (t) (9)

where g i (t), i =1, . . . , 2n, are the modal participationcoef� cients,
and {u i }, r =1, . . . , 2n, are the complex right eigenvectors corre-
sponding to problem (6). The modal coordinate g i satis� es a com-
plex modal equation, which can be expressed as22

Çg i (t ) ¡ k i g i (t ) =
{v }t

pi{p}

(2 k i Ti + Si )
n(t ), i = 1, . . . , 2n (10)

where k i is the i th eigenvalueof problem(6), whichcanbe expressed
in terms of the modal energies Ti , Si , and Ui as

k 2
i Ti + k i Si + Ui = 0 (11)

where the modal energies are de� ned as

Ti = {v }t
pi[M]{u }pi , Ui = {v }t

pi[K ]{u }pi

Si = {v }t
pi [C]{u }pi (12)

and where {u }pi and {v }pi are the position parts (the last n com-
ponents) of the right and left eigenvectors of problem (6), respec-
tively, and all other terms have already been de� ned. For under-
damped systems, the modes appear in complex conjugate pairs,
so if they are arranged such that k n + i = ¯k i , {u }n + i ={ ¯u }i , and
{v }n + i ={ ¯v }i , i =1, . . . , n, where ¯k i , { ¯u }i , and { ¯v }i are the com-
plex conjugates of k i , {u }i , and {v }i , respectively, then the modal
participationcoef� cients appear in complex conjugate pairs, that is,
g n + i (t ) = ¯g i (t ), i = 1, . . . , n.

Second-Order Statistics
As mentioned, a stationary zero mean Gaussian stochastic pro-

cess is used to model the uncertainty of the external force. The
state vector {q(t )} is also a zero mean Gaussian process due to the
linearity of the system, and it is fully described by the covariance
matrix E t ({q(t )} {q(t + s }t ) for any time lag s (Ref. 5). Of particu-
lar importance are the zero-lag second-orderstatistics because they
provide useful information about the level of system responses and
they can also be used to compute mean rates of level crossing for re-
liability estimation.The covariancematrix of the state vector{q(t )}
at zero lag can be written in terms of the modal cross covariancesas

Et ({q(t)} {q(t )}t ) =
2n

i = 1

2n

j = 1

{u }i{u }t
j E t[g i (t ) g j (t )] (13)

where Et[g i (t ) g j (t)] is the cross covariance at zero lag for
the modal participation coef� cients. Assuming that the excita-
tion function n(t ) is a zero mean Gaussian white noise process,
it can be shown that the steady-state cross covariance Q i j (t ) =
Et[g i (t ) g j (t)] satis� es4,21

( k i + k j )Q i j (t ) = ¡ 2S0

{v }t
pi {p}

(2k i Ti + Si )

{v }t
p j{p}

(2 k j T j + S j )

i, j = 1, . . . , 2n (14)

Equation (14) speci� es the components of the steady-state co-
variance matrix of the modal participationcoef� cients. Because the
mathematical model (6) depends on the vector of design variables
{y} and � xed system parameters {b}, it is clear that Q i j (t ) is also a
function of these two vectors.

Response Quantities
The response quantitiesof interest are given as a linear combina-

tion of the displacement vector {u(t )}, that is,

r(t ) = {b }t{u(t)} (15)
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where r(t ) represents a response quantity, that is, g j (t ), and {b } a
vector of constant components.Note that, in general, the vector{b }
depends on the vector of design variables and system parameters.
This dependence arises when, for example, the response quantity
r (t) is a stress or force member and some of the cross-sectional
properties (dimensionsor mechanicalproperties) of the member are
design variables or system parameters. In this case, cross-sectional
propertiesare involvedin the computationof the force member. The
stationary second-orderstatistics of the response,which are needed
to estimate the system reliability, can be computed directly from
Eq. (13). For example, the variance r 2

r of the response r(t ) is given
by

r 2
r = E t[r 2(t )] = {b }t

2n

i = 1

2n

j = 1

{u }pi{u }t
p j Q i j (t ){b } (16)

where all terms have been de� ned. The variance of the response
time derivative r 2

Çr is computed in a similar manner. Because of
the symmetry of Q i j (t ), that is, Q i j (t ) = Q ji (t ), only n(2n + 1)
modal cross-covariance responses are distinct, and therefore, the
number of modal components Q i j (t) to be analyzed is signi� cantly
reduced. Also, recall that the eigenvalues k i , i =1, . . . , 2n, appear
in complex conjugatepairs, that is, k n + i = ¯k i , i = 1, . . . , n. Then, it
is easy to verify that out of the n(2n + 1) quantitiesto be considered,
n are real, whereas the remaining 2n2 appear in complex conjugate
pairs. Finally, the interpretationof Eq. (16) as the modal superposi-
tion formula for the system response second-ordermoments can be
advantageouslyused to justify modal truncation techniques that re-
duce considerablythe numberof contributingmodes in the equation.
Utilizing these observations in the numerical implementationof the
method reduces signi� cantly the computational effort involved in
the analysis.

Optimization Scheme
Once the system response statistics have been computed, the re-

liability functions can be evaluated directly from Eq. (4). Then, the
optimization problem (2) is a general nonlinear deterministic opti-
mization problem. In general,optimizationalgorithmsthat use � rst-
order information are considered to be the most ef� cient schemes
for nonlinear optimization problems. In this paper, a classical � rst-
order gradient-based optimizer has been selected for the solution
of the optimization problems that arise from the proposed formu-
lation. The maximization of the overall design evaluation measure,
l ({y}), can be more ef� ciently implemented by rewriting problem
(2) as an equivalent optimization problem of the following form:
max k subject to

k · l fi ({y}), i 2 If

k · l PR j
({y}), j 2 Ip

k · l yk ({y}), k 2 Iy (17)

The constraintsof problem (17) are not differentiableat points at
which the preferencefunctionsare nondifferentiable.The sourcesof
nondifferentiabilityfor these functionscome from the limitationsto
a range contained in the interval[0,1] and nondifferentiabilityof the
functions themselves. Figure 1 shows a generic plot of a preference
functionthat illustratesthis concept. In Fig. 1, y1 and y4 are pointsof
nondifferentiabilitydue to the lowerbound l ¸ 0, y2 due to theupper
bound l ·1, and y3 is an intrinsicnondifferentiablepoint due to the
shapeof the functionitself.The � rst type of nondifferentiablepoints
is avoided by limiting the optimization domain in problem (17) to
the effective support D of the design evaluation measure l , which
is given by

D =
i 2 If

{y} l fi ({y}) > 0
j 2 Ip

{y} l PR j
({y}) > 0

k 2 Iy

{y} l yk ({y}) > 0 (18)

Fig. 1 Generic preference function.

If the feasible domain is limited to the closure of D, denoted
by D̄, the � rst type of nondifferentiablepoints are eliminated from
the problem. This constraint is easily included in formulation (17)
by appending the side constraint k ¸ 0. The second type of non-
differentiablepoints, that is, when l =1, can also be eliminated in
formulation (17) by extending the function l above the limit l = 1
and imposing the additional constraint k ·1. Finally, the third type
of nondifferentiability, that is, points where l is intrinsically non-
differentiable, can be coped with in two ways: extending the cor-
responding curves beyond their domains of de� nition (dotted lines
in Fig. 1) and considering each branch as a separate preference
function in formulation (17), or by smoothing the curve about that
point, for example, by a cubic spline interpolant.The � rst approach
is used in this formulation and the optimization problem is written
as16 follows: max k subject to

k · ¯l fi ({y}), i 2 If̄

k · ¯l PR j
({y}), j 2 Ip̄

k · ¯l yk ({y}), k 2 Iȳ, 0 · k · 1 (19)

where ¯l fi ({y}), ¯l PR j
({y}), and ¯l yk ({y}) are theextendedpreference

functions and If̄ , Ip̄ , and Iȳ are set of indices for the branches of the
original preference functions. In this form, the constraints of prob-
lem (19) are differentiable,and therefore, the optimizationproblem
can be solved using a classical � rst-order gradient-basedoptimizer,
provided that the optimization is initiated from a point ({y}0) 2 D̄.
In this case, the optimal solutionof the problemis the one that gives
the maximum overall degree of preferencewith respect to all design
criteria.

For the optimization scheme described earlier, it is necessary to
initiate the optimization process from a point ({y}0) 2 D̄. Thus, if
such a point is not readily available,that is, the initial designviolates
some of the constraints, an initial problem (phase I problem) must
be solved to � nd such a point.From the way the preferencefunctions
are constructed, it is always straightforward to characterize D̄. For
example, if the support of the preference function l R , of a generic
design criterion R({y}), is given by the set

D̄ l R = {{y} j R({y}) ¡ RS · 0, ¡ R({y}) + RI · 0} (20)

where RI and RS are the lower and upper bounds of the support
of the preference function l R , then the set D̄ for the problem can
always be written as

D̄ = {{y} j hi ({y}) · 0, i 2 Ih} (21)

where hi , i 2 Ih, are functions that can be de� ned directly from the
characterization given in Eq. (20) and Ih is a set of indices. With
this notation, the phase I problem can be de� ned as follows: min z
subject to

z ¸ h i ({y}), i 2 Ih (22)

For a given design ({y}0), the point ({y}0, z0), where

z0 = max
i 2 Ih

hi ({y}0) (23)
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is feasible for problem (22). If ({y}¤ , z ¤ ) is the optimal solution of
problem (22), then D̄ 6= U (empty set) if and only if z ¤ ·0, and
({y}¤ ) can be used as the initial designfor the next phase. It has been
shown that this optimization scheme is reliable and presents good
convergence properties for the solution of optimization problems
similar to problem (17) (Ref. 16).

Approximation for Response Quantities
It is clear from Eqs. (15) and (16) that the stationarysecond-order

statistics of the response depend on the modal energies Ti , Si , and
Ui , (i =1, . . . , 2n), and the positionparts of the right and left eigen-
vectors {u }i and {v }i , (i =1, . . . , 2n), respectively. At the same
time, these quantities are implicit nonlinear functions of the vec-
tor of design variables {y}. Therefore, the evaluation of the ex-
tended preference functions of the reliability constraints ¯l PR j

(¢ ),
which requires the second order statistics of the response, implies
the repeated evaluation of the system response (structural analy-
ses), which can be prohibitivelyexpensivefrom the numerical point
of view during the design process. A similar situation occurs with
the evaluationof the extended preference functions of conventional
structural parameters ¯l fi (¢ ), i 2 If̄ .The basic ideas used in the ap-
proximation conceptsmethod19,22 are extended in a straightforward
manner for the ef� cient evaluation of the second-order statistics of
the response. In this approach, the complex modal energies Ti , Si ,
and Ui are chosen as intermediate response quantities,whereas the
position parts of the right and left eigenvectors are assumed to be
invariant. The modal energies are approximated by using a convex
linearization with respect to selected intermediate design variables
{x} as

T̃i = Ti0 +
(+)

@Ti ({x0})
@x j

(x j ¡ x j0)

+
( ¡ )

@Ti ({x0})

@x j

x j0

x j
(x j ¡ x j0) (24)

S̃i = Si0 +
( +)

@Si ({x0})

@x j
(x j ¡ x j0)

+
( ¡ )

@Si ({x0})

@x j

x j0

x j
(x j ¡ x j0) (25)

Ũi = Ui0 +
( +)

@Ui ({x0})
@x j

(x j ¡ x j0)

+
( ¡ )

@Ui ({x0})
@x j

x j0

x j
(x j ¡ x j0) (26)

where Ti0 = Ti ({x0}), Si0 = Si ({x0}), Ui0 = Ui ({x0}), {x0} =
{x({y0})}, and {y0} corresponds to the vector of design variables
{y} when the values of the components are equal to their base de-
sign values, ( +) means summation over the variables for which
@(¢ )({x0}) / @x j is positive and ( ¡ ) contains the remaining vari-
ables. An attractive property of this linearizationis that it yields the
most conservative approximation among all of the possible combi-
nation of direct/reciprocal variables.23

The partial derivatives used in the approximationsare evaluated
assuming that the position parts of the eigenvectors are invariant,
that is,

@Ti

@x j
= {v }t

pi

@[M ]
@x j

{u }pi ,
@Ui

@x j
= {v }t

pi

@[K ]
@x j

{u }pi

@Si

@x j
= {v }t

pi

@[C]
@x j

{u }pi (27)

Introducing the earlier approximations in Eq. (14), we obtain
an explicit approximation for the modal cross covariances Q i j (t ),
i, j =1, . . . , 2n, in terms of {y}. These approximatecovariancesare
then used to constructapproximationsfor the second-orderstatistics
of the response ˜r r and ˜r Çr . Finally, the approximate steady-state

second-orderstatistics of the response r(t ) are used in combination
with Eqs. (3) and (4) to estimate the reliability function for the
design {y}. Note that approximation concepts can also be used to
approximate conventionalperformanceparameters that are implicit
nonlinearfunctionsof the vectorof designvariables{y}. In this way,
the implicit optimization problem (19) is replaced by an explicit
approximate problem, and the solution of the original problem is
obtained by the solution of a sequence of explicit suboptimization
problems.24

System Uncertainties
Response predictions made during the design process are usu-

ally based on system models with uncertain parameters because
the properties that will be exhibited by the system when completed
are not known precisely. In this formulation, the system parameters
bi , i =1, . . . , L , are modeled using a prescribed joint probability
density function g({b}). This function indicates the relative plausi-
bility of the possible values of the uncertain parameters in RL . The
probability distribution is always conditional on the information
used. If relevant data are available,an updated version of the g({b})
can be derived using Bayes theorem. Under uncertain conditions,
conventional performance parameters and reliability performance
parameters represent conditional quantities for a design {y} given
the vector of system parameters {b}. The performance parameters
that account for the uncertainties in the system parameters can be
obtained by the total probability theorem. For example, the over-
all or unconditional reliability considering the uncertainties in the
system parameters is given by the total probability theorem in the
multidimensional form

PR j (uncon)({y}) =
R L

PR j ({y} j {b})g({b})d{b} (28)

where PR j (uncon) ({y}) is the unconditional reliability for the design
{y}and PR j ({y} j {b}) is the conditionalreliability for the design{y}
given the system parameters{b}. The integral in Eq. (28) represents
the total reliability that accounts for the uncertainties in the system
parameters, as well as the uncertainties in the loads. Equivalently,
the overall failure probability can be written in terms of the condi-
tional failure probability. Note that the unconditional performance
parameters are deterministic quantities, and therefore, they can be
used directly in the general formulation presented before.

In practice, the multidimensional integral (28) rarely, if ever, can
be integrated analytically. On the other hand, numerical integra-
tion can be very costly and is usually unaffordable for more than
a few variables. Standard simulation methods may also require a
very large number of integrand evaluations (structural analyses) to
get accurate results. In these cases, ef� cient importance sampling
simulationmethods6,7,25,26 or asymptoticmethods12,27 must be used.
Importance sampling techniques can provide accurate estimates of
multidimensionalprobability integrals while substantiallyreducing
the usually large computer effort required in the straightforward
Monte Carlo simulation method. To this end, the integral (28) is
rewritten in the form

PR j (uncon)({y}) =
R L

PR j ({y} j {b})g({b})

w ({b})
w ({b}) d{b}

=
RL

} ({y}, {b})w({b}) d{b} (29)

where w({b}) is the importance sampling density. By the use of
simulation on Eq. (29), PR j (uncon)({y}) is estimated by the sample
mean of } = PR j g /w :

PR j (uncon)({y}) ¼
1
m

m

k = 1

} {y}, {b}(k) (30)

where m is the number of simulations and each sample {b}(k)

is drawn from the importance sampling distribution w ({b}). The
choice of w({b}) is a critical factor in obtainingan accurate estimate
with fewer simulations than those required in standard simulation
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methods. The basic idea in this technique is to generate most of the
samples in the region that contributes signi� cantly to the multidi-
mensional integral,so that the importancesamplingsimulationswill
converge rapidly to the value of the probability integral.28 On the
other hand, asymptoticmethods use a techniquebased on Laplace’s
method for asymptotic approximation of multidimensional inte-
grals. The asymptotic approximation uses an expansion of the log-
arithm of the integrand about the point that correspondsto the max-
imum of the integrand of the multidimensionalprobability integral.
The approximation is asymptoticallycorrect, that is, the sharper the
peak of the integrand about its maximum value, the more accurate
the value of the asymptotic approximation is expected to be. In the
case of a � nite numberof local maxima of the integrand, the asymp-
totic contributions for each maximum point are added to obtain an
asymptotic approximation for the multidimensional probability in-
tegral.This result is becausethe integralcan be decomposedintoa � -
nite sum of integralsover the disjointsubregionsof a partitionof RL ,
where each subregion contains one and only one maximum point.

Under uncertain system parameters conditions, the performance
parameters are approximated in terms of the vector of design vari-
ables {y} as well as the vector of uncertain system parameters {b}.
In this case, intermediate response quantities are approximated by
using a convex linearization with respect to appropriate interme-
diate variables that are explicit functions of the design variables
yi , i =1, . . . , N , anduncertainsystemparametersb j , j =1, . . . , L.
In this manner, explicit approximate performance parameters in
terms of approximate quantities are obtained. The approximate re-
sponses are then used in combination with any of the available
methodologies for evaluatingthe general class of multidimensional
integrals of the form given by Eq. (28). For example, Monte Carlo
simulation methods or importance sampling techniques can be im-
plementedvery ef� ciently because now all performanceparameters
are explicit functions of the vector of design variables {y} and the
vector of uncertain system parameters {b}.

Illustrative Example
The following example problem has been chosen to illustrate the

effect of uncertain system parameters on the optimal design of a
simple structural system subjected to a stochastic excitation. The
problemconsists in a � ve-story shear structure (Fig. 2a) modeled as

Fig. 2a Five-story shear
structure.

Fig. 2b Five-degree-of-freedom chainlike model.

a � ve-degree-of-freedomchainlike system of masses connected by
equivalent springs ki , i = 1, . . . , 5 (Fig. 2b). All masses are taken
as known and equal to 3.0 £ 104 kg. The stiffness of the equivalent
springs corresponds to the stiffness of the column elements of the
system, which have square cross sections with an elastic modulus
E = 2.0 £ 109 N/m2. To complete the formulation of the system,
some amount of damping is added to the model. The system is sub-
jected to a base acceleration modeled as a stationary white noise
process with spectral density S0 =1 m2/s3 . The design variables
are the dimensions of the cross section of the columns elements
(yi , i =1, . . . , 5). In this application, two failure modes are con-
sidered, and they are de� ned as follows: The � rst failure mode is
assumed when the displacement at the top of the system relative to
the groundreachessome critical level for the � rst time in the station-
ary portion of the response,and the second failure mode is assumed
when the base shear response reaches some critical level for the � rst
time in the stationaryportionof the response. The threshold level is
chosen to be a multiple of the standarddeviation of the correspond-
ing nominalresponse,that is, g = a r r , where g is the thresholdlevel,
r r is the standard deviation of the response, and a is a normalized
measure of the threshold level. A normalized threshold level a = 3
is considered. In this context, the nominal response is taken as the
response of the system when yi = 0.4 m, i = 1, . . . , 5. The design
criteria are given by the preference functions of the structural vol-
ume of the column elements, f1 , the failure probability PF1 , given
by the top displacement response (� rst failure mode), the failure
probability PF2 , given by the base shear response (second failure
mode), and the dimensions of the cross section of the columns el-
ements (yi , i =1, . . . , 5). The preference functions of these design
criteria are shown in Fig. 3. Noted that the preference functions of
the design variables and failure probabilities have transition zones
with respect to their crisp constraints (constraints with preference
one). A linearly decreasing function is used to specify the prefer-
ence values for the structuralcost in terms of the structural volume,
with l =1 at the minimum allowable volume and l =0 at the max-
imum allowable volume. For example, the preference function of
the design criterion given in terms of the failure probability can be

Fig. 3 Preference functions of design criteria.
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Fig. 4 Lognormal probability density function.

interpreted as follows: The user prefers most of all of those values
of the failure probability that are less than 1% because the pref-
erence function has its greatest possible value there. On the other
hand, the user prefers least those values of the failure probability
that exceed 2% because the preference function has its least possi-
ble value there. The user has selected a linear falloff between these
extreme preferencevalues for those values of the failure probability
that lie between 1 and 2%. Similar interpretations have the other
preference functions.

The effect of uncertaintyin the system parameters on the optimal
design is considered by assuming that the power spectral density
of the white noise excitation S0, the damping factor of the � rst two
modes f , and the stiffness propertiesof the structure representedby
the modulusof elasticity E are uncertain.Theseuncertaintiesare de-
scribedby a lognormaldistributionwith most probablevalues given
by S̄0 = 1.0 m2/s3, f =0.05, and Ē =2 £ 109 N/m2 . Figure 4 shows
a lognormal probability density function of a random variable b
with most probable value b̄ = 1, with a coef� cient of variation of
30%. Recall that the coef� cient of variation is the ratio between the
standard deviation and the mean value of the uncertain parameter.
Because of the simplicity of the example model, the total reliability
(unconditional) can be evaluated directly by numerical integration.
However, for comparison purposes, the importance sampling tech-
nique was also implemented.Validationcalculationshowed that the
results obtained from both methods were almost identical for this
example problem.

The example problem is now optimized using approximations
based on the descriptiongiven in the preceding sections. Modal en-
ergies are taken as intermediate response quantities and column el-
ements section properties (moments of inertia) as intermediatevari-
ables. For the numerical implementation, only the � rst two modes
were retained in the analysisof the system because it was found that
the contributionof highermodes was negligible in this case.Version
4.0 of DOT29 was used for the computationalimplementationof the
problem. The relative change in the design variables (move limits)
where the approximations are expected to yield reasonable results
can be controlledautomaticallyor directlyby the users.30 In this ap-
plication,stepwisemove limits of 40% were initiallyimposedon the
intermediate design variables, and then they were gradually tight-
ened at each stage of the design process. In all cases, convergence
was obtained in less than 20 design cycles. Figure 5 shows the effect
of the uncertaintyin the system parameterson the probabilityof the
� rst failure mode, PF1 . First, an optimal design (y ¤

i , i = 1, . . . , 5),
when the system parameters S0 , f , and E are � xed at their most
probable values, is obtained (conditionaldesign). Then, the system
parameters are assumed to be uncertain and the failure probability
PF1 at the optimal design y ¤

i , i =1, . . . , 5, is computed [Eq. (28)].
The failure probability is then normalized by the failure probability
of the conditional design (� xed system parameters). The level of
uncertainty in the uncertain parameters is given by the coef� cient
of variation. A range between 0 and 0.35 is considered in Fig. 5.
The uncertainty in each of the parameters is considered separately
in turn while holding the other parameters � xed at their most prob-
able values. In Fig. 5, line 1 represents the case of uncertain power
spectral density of the white noise excitation S0, line 2 the case of
uncertain damping factor f , and line 3 the case of uncertain modu-

Fig. 5 Normalized failure probability PF1 at the optimal conditional
design as a function of the level of uncertainty of the system parameters:
1, uncertain power spectral density of the white noise excitation; 2,
uncertain damping factor; and 3, uncertain modulus of elasticity.

lus of elasticity E . As Fig. 5 shows, the uncertainty in some system
parameters has a very signi� cant in� uence on the reliability of the
optimal design. It is clearly seen that uncertainties are important
because they can change the failure probabilitiesby orders of mag-
nitude. For example, a factor of more than nine is obtained in the
case of a 35% coef� cient of variation of the modulus of elasticity.
Thus, the failure probability of the conditional optimal design in-
creases more than nine times when the uncertainty in the stiffness
characteristics of the system is considered. These results indicate
that the optimal solution is very sensitive to variationsof some sys-
tem parameters. Also, comparing the results from Fig. 5, one can
conclude that for this example model the uncertaintyin the stiffness
properties of the structure is much more important than the uncer-
tainty in the damping characteristics and the input power spectral
density. Similar results, regarding the effect of uncertainty in the
system parameterson the optimal solution, are obtained for the sec-
ond failure mode. That is, uncertainty in the system parameters can
have an important effect on the reliability of the system measured
by the response level of the base shear response.

The � nal designs for the conditionaland unconditionaloptimiza-
tion is presented in Table 1. The unconditional case corresponds to
the optimal design when the uncertainty in the system parameters
is considered explicitly during the design process. In this case, the
overall reliability PF1(uncon) is computed using the total probability
theorem[Eq. (28)]. In Table 1, a 30% coef� cient of variation is con-
sidered for the uncertainsystem parameters.Once again, each of the
uncertain parameters is considered separately in turn while holding
the other parameters � xed at their most probable values. As before,
the effect of uncertainty in the system parameters on the optimal
design is evident. It is seen that uncertain system parameters lead
to larger structural elements. It is also seen that the design criterion
given in terms of the second failure mode is inactive at the � nal
design. Therefore, the optimal design for this example problem is
controlledby the structuralvolume and the � rst failure mode (active
design criteria). The correlation characteristicsof uncertain system
parameters can also have an important effect on the optimal design.

Table 2 shows the effect of spatial correlation of an uncertain
system parameter on the optimal solution. In particular, the stiff-
ness property of the system representedby the interstory stiffnesses
ki , i = 1, . . . , 5, is modeled as a random vector with a given corre-
lation structure.To illustrate this, two extreme cases are considered
here. In the � rst case, the randomvector is completelyuncorrelated,
whereas in the second case it is fully correlated.These results show
that the effect of uncertaintyin the stiffnesspropertiesis more signif-
icant in the fully correlatedcase.That is, the effect of the uncertainty
in the random vector on the optimal design tends to decrease as the
vector becomes uncorrelated.These results suggest that, in general,
the effect of an uncertainsystem parameter on the optimal design is
maximumwhen its spatial correlationis complete (fully correlated).
Therefore, the fully correlated case may be taken as a conservative
design if the spatial correlation characteristicsof the parameter are
not well known.

The relative importanceof uncertainsystemparameterson the op-
timal designcan also be obtained fromsensitivitymeasures.Table 3
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Table 1 Final designs threshold level: ´ = 3¾r

Uncertain system parameter

Unconditional Unconditional Unconditional
Design criteria Conditional S0 f E

Cross-sectional dimension y1 , m 0.473 0.490 0.497 0.515
Cross-sectional dimension y2 , m 0.447 0.463 0.470 0.488
Cross-sectional dimension y3 , m 0.428 0.443 0.450 0.467
Cross-sectional dimension y4 , m 0.414 0.429 0.436 0.453
Cross-sectional dimension y5 , m 0.388 0.402 0.408 0.422
Structural volume f1 , m3 5.580 6.060 6.180 6.660
Failure probability PF1 , % 1.180 1.200 1.200 1.220

(� rst failure mode)
Failure probability PF2 , % 0.730 0.004 0.001 0.001

(second failure mode)
Overall preference k 0.820 0.800 0.790 0.780

Table 2 Final designs threshold level: ´ = 3¾r

Unconditional Unconditional
Design criteria Conditional uncorrelated fully correlated

Cross-sectional dimension y1 , m 0.473 0.489 0.515
Cross-sectional dimension y2 , m 0.447 0.484 0.488
Cross-sectional dimension y3 , m 0.428 0.462 0.467
Cross-sectional dimension y4 , m 0.414 0.447 0.453
Cross-sectional dimension y5 , m 0.388 0.418 0.422
Structural volume f1 , m3 5.580 6.380 6.660
Failure probability PF1 , % 1.180 1.210 1.220

(� rst failure mode)
Failure probability PF2 , % 0.730 0.001 0.001

(second failure mode)
Overall preference k 0.820 0.790 0.780

Table 3 Elasticity of design criteria threshold level: ´ = 3¾r

Design criteria S0 f E

Structural volume f1 0.35 ¡ 0.35 ¡ 0.50
Failure probability PF1 7.37 ¡ 7.87 ¡ 11.44

(� rst failure mode)
Failure probability PF2 7.83 ¡ 8.42 ¡ 12.28

(second failure mode)

shows the sensitivitiesof thedesigncriteriawith respectto theuncer-
tain parameters at the conditional optimal design. The sensitivities
are compared by the so-called elasticities.For example, the elastic-
ity of the design criterion de� ned by the structural volume f1 with
respect to S0 is given by (@f1 / @S0)(S0 / f1). The elasticities of the
other design criteria are de� ned in a similar manner. The elasticities
of the design criteria with respect to the power spectral density of
the white noise excitation S0 are positive, whereas they are nega-
tive with respect to the damping factor of the � rst two modes f and
the stiffness properties of the system represented by the modulus
of elasticity E . It follows from here that the failure probability of
the � rst failure mode increases as S0 increases whereas it decreases
as f and E increase. This is reasonable because higher values of
the power spectral density of the excitation will produce higher re-
sponse levels. On the other hand, higher damping factors and stiffer
systems will result in lower response levels. It is clear that the effect
of thepower spectraldensityof the white noise excitationand damp-
ing factors on the sensitivityof the design criteria is less signi� cant
than the effect of the stiffness properties of the system. Therefore,
it is expected that the effect of uncertain stiffness properties on the
optimal design is more important than the effect of uncertainty in
the other system parameters considered in this example problem.
It is seen that these conclusions agree with the results showed in
Table 1.

As this simple yet illustrative numerical example demonstrates,
the proposed methodology provides a framework in which the op-
timal design of structures with uncertain properties subjected to
stochastic excitation can be determined. The use of approxima-
tions proves to be ef� cient for the numerical implementation of the
method. This is particularly important for high-dimensional struc-

tural optimization problems where the evaluation of second-order
statistics of the response at every single (out of a large number)
iteration step may require an extensive amount of computational
effort. In general, the use of approximation concepts dramatically
reduces the number of exact system analyses required for conver-
gence. Thus, the proposed methodology is expected to be useful in
the optimization of large structural systems.

Conclusions
The effects of uncertainsystem parameterson the optimal design

of systems subjected to uncertain loads has been presented. The
reliability of the system is de� ned in terms of the probability that
the magnitude of response quantities do not exceed some critical
threshold level throughout the duration of the stochastic excitation.
Approximate extreme response theories are used to obtain the re-
liability estimates. A multicriterion optimal design methodology
based on preference aggregation rules is used in the formulation.
The optimizationproblem is posed as a general nonlinearoptimiza-
tion problem, and it is solved using approximation concepts. The
numerical results have shown that uncertainty in the model param-
eters may cause signi� cant changes in the reliability of a system
subjected to uncertain loads. In these situations, the errors or un-
certainties in the speci� cation of the system properties should be
properly accounted for during the optimization process because, if
they are not accountedfor, the performanceand reliabilityof the op-
timaldesigncan be affectedsigni� cantly.Therefore,underuncertain
conditions, it is recommended to use the approach presented in this
study (unconditionaloptimization) insteadof theclassicaloptimiza-
tion approach(conditionaloptimization). In summary, the results of
this study suggest that great caution must be exercised when inter-
pretingoptimaldesignsof systemssubjectedto stochasticexcitation
and when some system parameters are not preciselyknown. In such
cases, the effect of uncertainsystem parametersshould be explicitly
considered during the design optimization process.
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